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Scalar fields pervade theoretical physics and are a fundamental ingredient to solve the dark matter
problem, to realize the Peccei-Quinn mechanism in QCD or the string-axiverse scenario. They are
also a useful proxy for more complex matter interactions, such as accretion disks or matter in
extreme conditions. Here, we study the collision between scalar “clouds” and rotating black holes.
For the first time we are able to compare analytic estimates and strong field, nonlinear numerical
calculations for this problem. As the black hole pierces through the cloud it accretes according to
the Bondi-Hoyle prediction, but is deflected through a purely kinematic gravitational “anti-Magnus”
effect, which we predict to be present also during the interaction of black holes with accretion disks.
After the interaction is over, we find large recoil velocities in the transverse direction. The end-state
of the process belongs to the vacuum Kerr family if the scalar is massless, but can be a hairy black
hole when the fundamental scalar is massive.
PACS numbers: 04.70.-s11.25.Wx,14.80.Va,98.80.Es,04.30.-w,
I. Introduction. Black holes (BHs) are known to be
abundant objects in our universe, with a major role in the
evolution of galaxies and star formation. As truly rela-
tivistic objects, they are powerful sources of gravitational
waves and key-players in the nascent field of gravitational
wave astronomy. Astrophysical observations of BHs will
give us unprecedented information about our universe,
by mapping the BH mass and spin with exquisite pre-
cision [1–4]; by testing General Relativity in the strong-
field regime [4–6]; by constraining the dark-energy equa-
tion of state [7]; or by providing information on dark
matter distribution around BHs [8, 9].
Supermassive BHs also have the unexpected ability to
provide information on fundamental ultra-light bosonic
degrees of freedom, generic predictions of beyond the
standard model physics and of modified gravity theo-
ries [10–12]. For boson masses in the range 10−21eV .
µS . 10−8eV, the Compton wavelength of these fields
is of the order of the BH size, the gravitational coupling
of these two objects is strongest, and long-lived quasi-
bound states arise [13–15]. Depending on the efficiency
with which the bosonic cloud is accreted, one might ob-
serve gravitational wave “light houses” or find gaps in
the BH-Regge plane [11, 15–19]. The end-state of the
superradiant instability is not known, but the prospect
of finding long-lived –or even truly stationary– “hairy”
BH solutions deserves all the attention possible [20–22].
Fundamental fields are also a useful proxy for more
complex interactions and matter. In this context, the
interaction between BHs and bosonic fields can teach us
about BH formation from gravitational collapse, inter-
action with accretion disks, magnetic fields, etc. The
rich phenomenology of such natural theories prompted a
flurry of activity in the field, mostly confined to the lin-
earized regime where the spacetime is a fixed Kerr BH
background. The purpose of this Letter is to take the
first step towards understanding the nonlinear develop-
ment of the interaction between BHs and fundamental
fields. Unless stated otherwise, we use geometrical units
G = c = 1.
II. Numerical Setup and Analysis Tools. We con-
sider a minimally coupled, gravitating, complex scalar
field Φ of mass µS described by the action
S =
∫
d4x
√−g
(
(4)R
16pi
− 1
2
∂µΦ∗∂µΦ− µ
2
S
2
Φ∗Φ
)
, (1)
where (4)R is the four-dimensional Ricci scalar. We
employ standard Numerical Relativity techniques based
on the 3 + 1 splitting to solve the fully nonlinear prob-
lem [23, 24]. In this approach the time evolution of the
3-metric γij and scalar field Φ are governed by
dtγij = −2αKij , dtΦ = −αΠ , (2)
where the extrinsic curvature Kij and Π are their con-
jugated momenta, and dt = ∂t − Lβ . The 3 + 1 decom-
position of the equations of motion yields time evolution
equations for the extrinsic curvature and scalar field mo-
mentum
dtKij =−DiDjα+ α
(
Rij − 2KkiKjk +KKij
)
+ 4piα (γij(S − ρ)− 2Sij) , (3a)
dtΠ =α
(−DiDiΦ +KΠ + µ2SΦ)−DiαDiΦ , (3b)
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2as well as the Hamiltonian and momentum constraints
H =R+K2 −KijKij − 16piρ = 0 , (4a)
Mi =DjKji −DiK − 8piji = 0 , (4b)
where Rij and R are associated to the 3-dimensional
metric and ρ, ji, Sij are, respectively, the energy den-
sity, energy-momentum flux and spatial components of
the energy momentum tensor. In practice, we em-
ploy the Baumgarte-Shapiro-Shibata-Nakamura formu-
lation [25, 26] of the evolution equations (2) and (3),
together with the moving puncture gauge [27, 28].
We solve the Cauchy problem for Einstein’s equations
using the COSMOS code [20]. Time evolution is real-
ized by a 4th order Runge-Kutta method, spatial deriva-
tives are computed through a 4th order finite differencing
method in Cartesian grids. The Adaptive Mesh Refine-
ment algorithm of moving boxes is employed in order
to keep a good resolution near the BH [29–31]. Ap-
parent horizons are tracked using the methods outlined
in Refs. [32, 33]. Parallelization is implemented with
OpenMP.
We measure the scalar field amplitude Φ and the
Newman-Penrose scalar Ψ4 encoding the gravitational
radiation, at coordinate spheres of fixed radius rex, where
we project them with spherical or s = −2 spin-weighted
spherical harmonics. We estimate the numerical dis-
cretization error to be of order . 6% in both the scalar
and gravitational waveforms. In addition, we monitor the
apparent horizon (AH) area AAH, the irreducible mass
and the ratio of equatorial to polar circumferences to es-
timate the BH mass and spin [34, 35].
III. Initial data construction. In general, one needs
appropriate initial data to perform reliable and realistic
simulations within numerical relativity. Following the
initial data construction in Refs.[20, 36], we simplify the
constraint equations by the conformal transformation
γij = ψ
4ηij and Kij ≡ ψ−2A˜ij + 1
3
γijK , (5)
where ηij is the flat metric. Assuming conformal and
asymptotic flatness, the maximal slicing condition and
setting scalar field Φ(t = 0) = 0, the constraints (4)
become
H =4flat ψ + 1
8
A˜ijA˜ijψ
−7 + piψ5Π2 = 0 , (6a)
Mi =∂jA˜ji = 0 . (6b)
Let us consider first a single, non-rotating BH (A˜ij =
0) and a nonzero scalar field. The momentum con-
straints (6b) are trivially satisfied and the Hamiltonian
constraint (6a) yields
4flatψ + piΠ2ψ5 =0 . (7)
Using the same ansatz for the Gaussian-type spherical
scalar wave packet described in Ref. [20],
Π =
A0
2pi
e−
r2
w2 ψ−
5
2 and ψ = 1 +
M0
2rBH
+
u0(r)√
4pir
, (8)
where we take the radial coordinate r =
√
x2 + y2 + z2,
the location of BH is described by rBH ≡√
(x− xBH)2 + y2 + z2 and M0 denotes the BH
bare mass parameter. A regular, analytical, solution to
the Hamiltonian constraint is then
u0 =
A20w
3
16
√
2
erf
(√
2r
w
)
, (9)
where we have imposed that u0 → 0 at r = 0. Thus,
eqs.(8)-(9) describe a spherically symmetric scalar cloud
and a BH a distance xBH apart.
Addition of linear and angular momenta complicates
the procedure, but can be done as follows. The momen-
tum constraints (6b) can be also solved analytically and
we obtain the so-called Bowen-York extrinsic curvature
A˜ijBY =
3
2r2
(
P inj + P jni − (ηij − ninj)P knk
)
+
3
r3
(
iklSknln
j + jklSknln
i
)
, (10)
where P i, Si and n
i are the momentum, the spin and the
unit normal vector ni ≡ xi/r, respectively. The remain-
ing Hamiltonian constraint is then given by
H =4flat ψ + 1
8
A˜ijBY A˜
BY
ij ψ
−7 + piψ5Π2 = 0 . (11)
To solve the Hamiltonian constraint, we use the ansatz
ψ = 1 +
M0
2r
+ u(xi) , (12)
where M0 is the BH bare mass parameter and u(x
i) is a
regular function. We set a boosted, rotating BH initially
at the origin and a scalar pulse located at x = x0 apart
from the BH. The scalar cloud is again described by the
Gaussian profile
Π =
AP
2pi
e−
r20
w2 ψ−3. (13)
where AP and w denote the amplitude and width of the
scalar cloud and r0 =
√
(x− x0)2 + y2 + z2. Eq. (11) be-
comes an elliptic partial differential equation for u which
is regular everywhere and can be solved with a common
elliptic-equation solver [37].
4flatu = −1
8
A˜ijBY A˜
BY
ij ψ
−7 − A
2
P
4pi
e−
2r20
w2 ψ−1 . (14)
III. Collision of BHs with scalar “clouds”. We
have evolved a variety of different initial configurations,
varying the BH mass momentum and spin, and vary-
ing the scalar-field width, location and mass µS . The
collision process is gravity-dominated, and we find that
timescales are well approximated by Newtonian free-fall
estimates. The evolution proceeds in different stages, de-
pending on the scalar-field mass.
Consider the massless or small µSM regime first. For
low scalar-field amplitudes, a fraction of the initial scalar
3FIG. 1. Upper panel: Scalar field accretion. BH area increases
for different initial BH spin and scalar-field amplitude. The
fundamental scalar is taken to be massless, and the scalar
“cloud” is initial described by a Gaussian with w = 20M0
located at the origin for non-rotating BH and x0 = 30M0
for rotating BH. Lower panel: Snapshots of scalar-density on
the x − y plane at different instants, for a/M0 = 0.0 and
A0M0 = 0.11. The temporal density distribution explains
the different accretions stages in the upper panel.
cloud is unbounded and scatters to infinity. As we in-
crease the Gaussian amplitude, we find that the scalar
field starts self-gravitating and a larger fraction is ac-
creted by the BH. These features are summarized in
Fig. 1, specialized to a width w = 20M0, which we take
as representative for the rest of this work. For this setup,
typically 99% of the scalar-field mass escapes to infinity:
the “cloud” is initially located far away from the BH and
is dispersing away from it. Our results are in quanti-
tative agreement with Bondi-Hoyle accretion rates, they
depend only weakly on BH spin, but scale like the square
of the scalar field amplitude, as expected. There are two
pronounced accretion phases, related to scalar cloud evo-
lution and its density profile, as shown in the lower panel
of Fig. 1. The final state is a Kerr BH in vacuum.
The accretion and evolution of configurations where
the fundamental scalar is massive shows qualitatively dif-
ferent behavior. Massive fields are harder to disperse
and try to bound. Accordingly we find substantial more
amount of scalar field being accreted onto the BH in the
massive-scalar case. An intriguing alternative to this sce-
nario is that – if the BH is rotating– superradiance pre-
vents absorption of the scalar at the horizon and instead
forms a hairy BH, with a non-trivial external scalar field
configuration and quadrupole moment [21, 22]. Even in
the absence of rotation, extremely long-lived modes have
been shown to be possible [13–15, 20]. Our results point
to a possible formation scenario: a cloud of scalar field
scattering off a non-rotating BH leaves behind, at late
times, a BH surrounded by an external long-lived scalar
condensate. Snapshots of the evolution for a scalar with
µSM0 = 0.4 are shown in Fig. 2. The pattern oscillates
FIG. 2. Snapshots of the accretion flow to a non-rotating BH
on x − y plane. The field is initially described by a gaus-
sian with A0M0 = 0.2, xBH = −8M0, w = 6M0 and has a
mass term µSM0 = 0.4. Colors depict intensity of the scalar
field, at late-times the configuration settles to a very long-
lived dipole condensate outside the horizon, extending to dis-
tances of order ∼ 20M0 [15].
with a frequency compatible with linearized calculations
which also describe well the spatial extent of the scalar
condensate. In other words, we have strong evidence of
a possible mechanism for formation of what for practical
purposes is a “hairy” BH in asymptotically flat space-
time.
IV. The (anti-)“Magnus” effect in BH physics.
As the BH pierces through the cloud, accretion of mat-
ter ensues. It is well-known that the absorption cross-
section for co- and counter-rotating particles and waves
is different for spinning BHs [38, 39], causing a kine-
matic drift of general-relativistic origin in the perpen-
dicular direction to the flow. Consider the BH initially
at the center of the reference frame, spinning with an-
gular momentum J aligned with the z−axis and moving
in the x−direction through the scalar field cloud. The
BH accretes mass as it moves, in a spin-dependent man-
ner. For low-velocity collisions, accretion is governed by
the marginally bound circular orbit of radius (in “Brill-
Lindquist” coordinates [38])
R∓ = 2M ∓ a+ 2
√
M2 ∓ aM . (15)
The upper (lower) sign applies to co-(counter-) rotat-
ing orbits. Modeled in this way then, as the BH moves
through the medium with relative velocity v, it sweeps
up a distorted, non-symmetric “tube” composed by two
half cylinders with radii R−, R+. Finding the shape of
this distorted tube is an interesting geometrical problem,
which in its simplest version amounts to equating the
centroid of the projected figure to the BH location, a
problem similar in many respects to that found in two-
dimensional rocket motion [40]. A simple estimate can be
obtained by noting that when the BH moves a distance
δx, the y−position of the center-of-mass of this distorted
cylinder is located at ∼ 2ρ(R32 − R31)δx/3M , with ρ the
energy density of the scalar configuration. Thus, after
accretion of the material the BH has to sit in the CM, at
δy & 2ρv(R3− −R3+) δx/3M ∼ 100Maρδx.
This new effect in BH physics, triggered by asymmetric
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FIG. 3. The gravitational “anti-Magnus” effect. Upper panel:
BH (puncture) y−coordinate as a function of time, showing
two significant stages where the BH moves downwards. These
two stages are consistent with the accretion pattern of Fig. 1.
Middle panel: Difference between proper length from the BH
to the upper and lower edge of the scalar cloud in the y-
direction, for a/M0 = 0.5, APM0 = 0.15. The overall pattern
is that of a relative downward movement of the BH relative
to the cloud. Lower panel: Total BH angular momentum J
for a/M0 = 0.5, APM0 = 0.15. It decreases at late times.
accretion, is responsible for the motion in the direction
orthogonal to the initial BH velocity. In this respect,
it is similar to the “Magnus effect” in fluid dynamics, a
well-known corollary of hydrodynamics with important
consequences in sports, aeronautics, etc [41]1. However,
(i) the original Magnus effect is a consequence of deli-
cate boundary-layer effects close to the body’s surface,
whereas the BH drift we described is a pure consequence
of spacetime drag and kinematics and (ii) the Magnus
effect results, generically but not always, in a motion in
the y−direction but in the opposite sense to the BH drift
that we predict via spacetime drag and kinematics.
Asymmetric accretion is potentially concurrent with
three other effects present in our simulations. The first
is an overall momentum in the transverse direction trig-
gered by scalar or gravitational waves, potentially dis-
placing the entire BH+cloud system. The second com-
peting effect is the frame-dragging of the scalar cloud,
which again by momentum conservation would rigidly ro-
tate the system. Both effects could mask the asymmetric
accretion deflection. However, we find that whereas the
asymmetric accretion is expected to scale with the scalar
cloud density (for a fixed total mass say), this is no longer
1 Magnus-like effects were also reported for Abrikosov vortices [42]
and an “optical” Magnus effect was predicted (and observed) to
exist as well, by Zeldovich and collaborators [43, 44]; similarities
with general-relativistic equations of motion were put forward in
Ref. [45]. The effect we describe here is no analogy, it is a purely
General Relativistic effect.
the case for the other two competing effects. Finally, non-
homogeneous media would give rise to asymmetric accre-
tion and a consequent transversal motion which would be
rotation independent. In our setup the BH lies along the
symmetry axis and such effect is non-existent.
Our numerical results are summarized in Fig. 3. The
upper panel shows the puncture position along the y-axis
as a function of time. These results are gauge-dependent
and a simple overall coordinate shift in the negative y-
direction would masque it. We have therefore also mea-
sured the proper distance in the y-direction from the BH
to the outer boundaries of the cloud, defined as the points
for which the density decreases to 1% of its central value.
If the BH really moves downwards with respect to the
cloud, then the distance to the upper part of the cloud
should be larger than the distance to the lower part of
the cloud. This is in fact the overall pattern seen in the
middle panel of Fig. 3. Thus, an overall shift of the sys-
tem does not explain our numerical results. The lower
panel of Fig. 3 shows the time evolution of the total an-
gular momentum J of the BH. In line with the predicted
preferred absorption of counter-rotating particles, J de-
creases. Finally, our results are proportional to density,
spin and velocity, as expected for the asymmetric accre-
tion scenario we propose.
This effect is not a particularity of scalar fields, but a
rather general feature of BH interaction with matter. An
order of magnitude estimate for astrophysically realistic
sources is given by
vy ∼ 10−2 f
11/20
Edd
r˜15/8
(
0.1
α
)7/10(
M
108M
)13/10
a
M
,
where we take as reference value the density of thin ac-
cretion disks close to supermassive BHs, fEdd is the Ed-
dington luminosity, α is the disk’s viscosity parameter
and r˜ ≡ GMr/c2 is the distance of the BH from the
center of the disk [46, 47].
These numbers are encouraging, and open-up the pos-
sibility to actually observe the gravitational anti-Magnus
effect. This deflection is all the more interesting as it
can in addition provide an evidence for the existence of
horizons: compact stars or any other object with a sur-
face will presumably be subjected to an ordinary Magnus
effect.
We also observe large “kicks” in the transverse di-
rection after the BH ceased interacting with the scalar
cloud. These kicks, presumably imparted by gravita-
tional waves, are already apparent in the puncture po-
sition. Their magnitude depends on the scalar cloud
amplitude and width. Further exploration of this effect
is necessary to understand whether it is a viable recoil
mechanism in realistic astrophysical scenarios.
V. Conclusions. We reported on the first steps to-
wards understanding the interaction between fundamen-
tal fields and BHs. Much remains to be understood, but
we think our setup will be useful in exploring fundamen-
tal issues such as fully nonlinear investigations of gravi-
5tational drag, turbulent wakes, spin alignment and spin
precession during the interaction of BHs with matter.
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